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A Note on Almost Partial Geometries
P. H. FISHER
In this note we use some simple counting arguments to show that an almost partial geometry is
always symmetric.
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1. INTRODUCTION
An almost partial geometry (APG) is a finite connected incidence structure with v points
and b lines that satisfy:
(1) two points are on 0 or 1 line;
(2) there are k > 1 points on each line;
(3) there are r > 1 lines on each point;
(4) for each point P there exists a unique line P with P 62 P such that the number of
points on P joined to P is a constant e and for any other line l with P 62 l, l 6D P ,
the number of points on l joined to P is a constant t > 0.
We call an APG symmetric if k D r . APGs were introduced in [2] where a classification of
possible parameter sets is given for the cases e D 0 and k, under the assumption that they are
symmetric. Here we use some simple counting arguments to show that this is always the case
provided e 6D t . We also show that e must be even. Furthermore it is noted that if e 6D t , then
an APG is isomorphic to its dual structure via the map  : P $ P .
If e D t then an APG is a partial geometry [1] and we exclude this situation here. We shall
call an APG proper if e 6D t .
If e D 0 and t D k−1 then in [2] it is shown that a symmetric APG is equivalent to a Moore
graph of diameter 2 [3]. Unique examples of these exist for k D 2, 3 and 7. A further possible
example has k D 57, but no other values of k are possible. Further symmetric examples with
e D 0, k D 6, t D 3 and with e D k D 4, t D 2 can also be found in [2]. These are constructed
from distance-regular graphs of diameter 3. No examples of proper APGs with 0 < e < k are
known to the author.
2. SYMMETRY
LEMMA 2.1. Let P and Q be two points of a proper APG. Then Q 2 P if and only if
P 2 Q .
PROOF. We assume that Q 2 P but P 62 Q and count the number x of points joined to
both P and Q. There are two cases depending on whether P and Q are joined or not. Suppose
P and Q are joined by a line l. The number of points on l (other than P or Q) is k − 2. The
number of lines m 6D l on P is r − 1 and the number of points on each line m (other than P
or Q) joined to Q is t − 1, hence
x D .r − 1/.t − 1/C k − 2: (1)
The number of lines n 6D l on Q is r − 1 one of which is P . The number of points on each
line n (other than Q) joined to P is t − 1 if n 6D P and e − 1 if n D P , hence
x D .r − 2/.t − 1/C e − 1C k − 2: (2)
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Combining (1) and (2) gives a contradiction since the APG is proper.
A similar argument holds if P and Q are not joined. 2
LEMMA 2.2. For any APG we have
v D k C k
r
C k.r.r − 1/.k − 1/− e/
r t
:
PROOF. Let P be any point of an APG. The number of points joined to P is r.k − 1/ and
all other points are at distance 2 from P . First we count the number m of lines that do not
contain P . All points joined to P are on r − 1 such lines. Also m − 1 of these lines contain t
points joined to P whereas P contains e such points, hence
m D r.k − 1/.r − 1/− e
t
C 1:
Now we count the number n of points on these m lines that are not joined to P . m − 1 of the
lines contain k − t such points whereas P contains .k − e/ points. Each of the n points are
on r lines, hence
n D .r.k − 1/.r − 1/− e/.k − t/
r t
C .k − e/
r
:
Adding and simplifying gives the result. 2
LEMMA 2.3. Let U D fP1; : : : ; Png be the set of all points of a proper APG such that
Pi D Pj for all 1  i; j  n, then n D kr .
PROOF. Let P1 D l. We count in two different ways the number of pairs of points .P; Q/
where P 2 l, Q 62 l and Q is joined to P . Each of the n points of U are joined to e points on
l. Each of the remaining v − n − k points (not on l and not in U ) are joined to t points on l.
There are k points on l, each of which lies on r − 1 lines other than l and each of these r − 1
lines contain k − 1 points not on l, hence
k.r − 1/.k − 1/ D n.e − t/C .v − k/t:
Substituting the value of v given in Lemma 2.2 gives the result. 2
THEOREM 2.4. A proper APG is symmetric.
PROOF. We assume that k
r
> 1. From Lemma 2.3 let P1; : : : ; Pk
r
be the set of points with
Pi D Pj D l for 1  i , j  kr . Let Q and R be two points with Q; R 2 l. From Lemma 2.1
each Pi with 1  i  kr lies on Q and R . Since kr > 1 it follows that Q D R . This
implies that k D k
r
and hence r D 1 a contradiction, so we must have k D r . 2
THEOREM 2.5. In a proper APG e is always even.
PROOF. Since k D r it follows that v D b and then from Lemma 2.1 the map  : P $ P
is a polarity .2 D 1/. Let e > 0 and P and Q be two points joined by a line l where Q 2 P .
Since  is a polarity there exists a point R 6D Q with R D l. Since P 2 l and Q 2 l it follows
that R 2 P and Q . So for each point Q 2 P joined to P , there exists a unique point
R 2 P , related to Q by R 2 Q , that is also joined to P . This relationship is symmetric and
hence the e points on P joined to P occur in distinct pairs, so e must be even. 2
Finally we note that a proper APG is isomorphic to its dual structure via the map . This
follows from the statement that P D Q for two points P and Q implies P D Q.
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